Abstract. We pose a conjecture about Morse-type integrals in nef (1, 1) classes on compact Hermitian manifolds, and we show that it holds for semipositive classes, or when the manifold admits certain special Hermitian metrics.
Introduction
Let (X n , ω) be a compact Hermitian manifold and α a closed real (1, 1) form on X. The cohomology class [α] (in Bott-Chern cohomology) consists precisely of all closed real (1, 1) forms which can be written in the form α + √ −1∂∂u, for some u ∈ C ∞ (X, R). A class [α] is called nef if it contains representatives with arbitrary small negative part, namely if for every ε > 0 there is u ε ∈ C ∞ (X, R) such that α + √ −1∂∂u ε −εω. When X is Kähler, this is equivalent to the class [α] being a limit of Kähler classes.
A class [α] is called big if it contains a Kähler current T in the following sense: there is ε > 0 and there exists a quasi-psh function u on X (locally the sum of psh plus smooth) such that T := α + √ −1∂∂u εω holds in the weak sense of currents. In this case Demailly-Pȃun show that X must be bimeromorphic to a compact Kähler manifold (i.e. X is in Fujiki's class C), and then Boucksom [4] , and T ac denotes the absolutely continuous part of T in the Lebesgue decomposition (see [4] for more details). On the other hand, if [α] is not big (on general compact complex manifolds), then one can simply define Vol([α]) = 0. Boucksom also shows that if X is in class C and [α] is nef, then
The same formula is conjectured to hold for general compact complex manifolds, which boils down to a conjecture of Demailly-Pȃun [12] to the effect that a nef class [α] with X α n > 0 should be big.
If X is Kähler, a different formula for the volume of [α] was proposed by Demailly [10] , inspired by his holomorphic Morse inequalities [9] : Conjecture 1.1. For (X n , ω) compact Kähler and α a closed real (1, 1) form we have
where X(α + √ −1∂∂u, 0) denotes the set of all points x ∈ X such that (α + √ −1∂∂u)(x) 0.
In [10] Demailly shows that the inequality
holds, using the regularity results with Berman [3] (one can instead also use the more recent work of Berman [2] ). In [11] it is shown that Conjecture 
As remarked above, in the non-Kähler case X α n is only conjectured to equal Vol([α]) for nef classes, which explains the relation between Conjectures 1.1 and 1.2. Also, (1.2) in particular implies that
for all u ∈ C ∞ (X, R), which is an elementary-looking statement reminescent of Siu's "calculus inequalities" [20] derived from Demailly's holomorphic Morse inequalities [9] . As was observed in [21] , Conjecture 1.2 also has applications to complex Monge-Ampère equations on non-Kähler manifolds, as we shall explain in Section 3 below. As mentioned above, and recalled in Proposition 2.2 below, Conjecture 1.2 is known to hold when X is Kähler, or more generally in class C, and therefore it holds if [α] is also big.
Our main result is the following:
The manifold X admits a Hermitian metric ω with ∂∂ω = 0 = ∂∂(ω 2 ).
In particular, Conjecture 1.2 holds when n = 2.
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Proof of the main result
To start, we show the "easy half" of (1.2): Proposition 2.1. For (X n , ω) compact Hermitian and α a closed real (1, 1) form such that [α] is nef, if either one of assumptions (a) and (b) of Theorem 1.3 holds, then we have
Proof. Assume first that (a) holds, so there is v ∈ C ∞ (X, R) such that
as desired. Next assume (b), and fix a Hermitian metric ω with ∂∂ω = 0 = ∂∂(ω 2 ) (which is easily seen to imply ∂∂(ω k ) = 0 for all k). Given any ε > 0 there is u ε ∈ C ∞ (X, R) such that α + εω + √ −1∂∂u ε 0 and so
integrating by parts and using that ∂∂(ω k ) = 0. On the other hand, given any u ∈ C ∞ (X, R) we clearly have
and on the set X(α + √ −1∂∂u, 0) we have the inequality (α + √ −1∂∂u) n (α + εω + √ −1∂∂u) n , and so
and letting ε → 0 the RHS converges to X α n , thus proving (2.1).
Before proving Theorem 1.3, let us recall how (1.2) is proved when X is in class C (bimeromorphic to Kähler), which holds for example when [α] is also big. Proposition 2.2 (Demailly [10, 11] ). Conjecture 1.2 holds if X is in class C.
Proof. Assume first that X is Kähler. Thanks to Proposition 2.1, it suffices to show the inequality
Fix any u ∈ C ∞ (X, R), write β = α + √ −1∂∂u, and for ε > 0 let
Since the class [β + εω] is Kähler, Berman [2] shows that u ε ∈ C 1,γ (X) for all γ < 1, and [8, 22] (building upon [7] ) in fact give C 1,1 (X). It is then easy to show (see e.g. [22] ) using this that
where the first equality is integration by parts (using that ω is Kähler), the second one uses the regularity statement above (namely u ε ∈ C 1,1 (X) implies that ∇ 2 u ε vanishes (β + εω + √ −1∂∂u ε ) n -a.e. on the set {u ε = 0}, while (β + εω + √ −1∂∂u ε ) n = 0 on {u ε < 0}, see e.g. [22, (1.1)]) and the final inequality is simple (see [1, Proposition 3.1 (iii)]). Letting ε → 0 we get (2.2).
In the general case when X is in class C, there exists a composition of blowups µ :X → X such thatX is Kähler. Then [µ * α] is nef and big, with clearly
while Demailly [11] shows that
and so we are reduced to proving Conjecture 1.2 onX, which is Kähler.
We can now give the proof of Theorem 1.3
Proof of Theorem 1.3. Thanks to Proposition 2.1 it suffices to show that (2.2) holds. Fix any u ∈ C ∞ (X, R), write β = α+ √ −1∂∂u. By definition for every ε > 0 we can find a smooth function h ε such that α+εω + √ −1∂∂h ε > 0. We consider the envelope u ε (x) = sup{ϕ(x) | ϕ ∈ P SH(X, β + εω), ϕ 0}, = −u + h ε + sup{ϕ(x) | ϕ ∈ P SH(X, α + εω + √ −1∂∂h ε ), ϕ u − h ε } which thanks to [8] (see also [7, 22] ) satisfies u ε ∈ C 1,1 (X). As in Proposition 2.2, this implies that (2.3)
where the inequality is again simple (see [1, Proposition 3.1 (iii)]) and for the first equality we again have that u ε ∈ C 1,1 (X) implies that ∇ 2 u ε vanishes (β + εω + √ −1∂∂u ε ) n -a.e. on {u ε = 0} (see e.g. [22, (1.1)], which does not use the Kähler condition), while we still have that (2.4) (β + εω + √ −1∂∂u ε ) n = 0 on {u ε < 0} using the balayage procedure. Indeed, consider the Monge-Ampère equation with the background Hermitian metric β ε = α + εω + √ −1∂∂h ε . We need to verify that the function ϕ ε = u ε + u − h ε satisfies
on the open set U = {u ε < 0}. For this fix a coordinate ball B ⊂ U and use [14, Theorem 4.2] to find a continuous function ψ ε ∈ P SH(B, β ε ) solving
in B, together with the boundary condition ψ ε = ϕ ε on the boundary of B. By [15, Proposition 2.5] we have ψ ε ϕ ε in B. Therefore, as in the classical Perron method, one modifies ϕ ε on B setting it equal to tψ ε + (1 − t)ϕ ε there. This new function belongs to the second envelope in the definition of u ε above for sufficiently small positive t and thus ψ ε = ϕ ε in B. Therefore (2.4) holds.
On the other hand, if we let ε → 0 then we easily have
2) follows from (2.3), (2.5) and (2.6).
Claim. Assume that
as ε → 0. Then we have that
and so in particular (2.6) holds.
Before proving this claim, let us use it to conclude the proof of Theorem 1.3. First, it is clear that (2.6) holds under our assumption (b), since in this case we can integrate by parts
On the other hand under our assumption (a), there is v ∈ C ∞ (X, R) such that α v := α + √ −1∂∂v 0. Therefore
is a competitor for the supremum defining u ε , and so
for C independent of ε, and so our Claim applies. Finally, we prove our Claim. Let us introduce the following notation:
For fixed ε write also
Choose a constant M so large that
where the inequalities here mean that the difference is a positive form. In what follows we shall need the estimate for √ −1∂∂(α p ε ∧ ω q ) . Note that ∂α ε = ε∂ω and ∂α ε = ε∂ω. Thus, with the convention that terms with negative exterior powers vanish,
Therefore, by (2.9)
We estimate integrating by parts (2.12)
For j = 1 this gives
for some uniform constant C 0 . But I(0, k) is uniformly bounded for all k, and since u ε satisfies 0 β + εω + √ −1∂∂u ε Cω + √ −1∂∂u ε and sup X u ε = 0, it is well-known that these imply a uniform bound for ||u ε || L 1 (X) (see e.g. [13, Proposition 2.1]). We thus conclude that I(1, k) C 0 for all k. Next, we assume that j > 1 and use (2.7) and (2.11) to obtain
Since I(1, k) are uniformly bounded one can iterate the above estimate to obtain
Now, by Stokes' theorem (2.13)
By the above estimates I(j, 0) C 1 ε −(j−1)δ we see that the absolute value of the RHS tends to zero as ε → 0 for δ < 1/(n − 2). Remark 2.3. As shown in the arguments above, to prove the "half" (2.2) of Conjecture 1.2 in general the problem is to show that (2.6) holds. First, it is easy to see that (2.6) holds when n = 3 (cf. [24] for the same argument in a related context):
and if we pick ω Gauduchon then the last term equals −3ε 2 X (β + εω) ∧ ω 2 which goes to zero as ε → 0, proving (2.6).
Second, for general dimension n, we observe that to prove (2.6) it would be enough to produce smooth functionsh ε such that α+εω + √ −1∂∂h ε > 0, and so that
as ε → 0, for some 0 < δ < 1/(n − 2). Indeed, from the definition of the envelope u ε we obtainh
h ε L ∞ (X) + C, and so (2.14) implies (2.7). For example, one could try to use the solutions of
which exist by Cherrier, [6] , and which in the special case when α 0 satisfy n log ε h ε C by the maximum principle, and so satisfy (2.14). Or one could try to use the solutions of
which are given by Tosatti-Weinkove [23] . However, in general it remains unclear to us whether the functionsh ε produced by either method can be proved to satisfy (2.14).
An application
We now recall an application of Conjecture 1.2 to complex Monge-Ampère equations on non-Kähler manifolds, taken from [21] .
Let (X n , ω) be a compact Hermitian manifold with a closed real (1, 1) form α with [α] nef and X α > 0. By assumption, for every ε > 0 there is h ε ∈ C ∞ (X, R) such that α + εω + √ −1∂∂h ε > 0. Suppose that for all ε > 0 we are also given a smooth positive volume form Ω ε with X Ω ε = 1. Thanks to [23] we can find ϕ ε ∈ C ∞ (X, R) smooth functions solving
for some (uniquely determined) positive constants C ε . In the Kähler case of course we have that
In the non-Kähler case, it is important to find a uniform positive lower bound for C ε (see e.g. [21, 24] ). This can be achieved using Conjecture Proof. Indeed, we take β ε = α + √ −1∂∂(h ε + ϕ ε ). Thanks to Conjecture 1.2 we have Of course, we only need the "half" (2.2) of Conjecture 1.2. Thanks to Theorem 1.3, Proposition 2.2 and Remark 2.3 we see that (3.1) holds when n 3, or [α] is semipositive, or X is in class C.
